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We study the charged Higgs couplings to fermions in the "democratic" three-Higgs-doublet model, 
in which one doublet couples to down-type quarks, one to up-type quarks, and one to charged 
leptons. Flavor-changing neutral Higgs couplings are absent because the Glashow-Weinberg-Paschos 
condition for natural flavor conservation is in effect. We show that this model reproduces the 
coupling structure of the charged Higgs boson in the recently-proposed Yukawa- aligned two-Higgs- 
doublet model, with two subtle constraints that arise from the unitarity of the charged Higgs mixing 
matrix. Adding a fourth Higgs doublet with no couplings to fermions eliminates these constraints. 
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I. INTRODUCTION 

It has long been known that extending the Higgs sector of the Standard Model (SM) to include one or more 
additional Higgs doublets leads generically to flavor-changing neutral Higgs couplings, which are severely constrained 
by experiment. The most commonly-applied way to suppress these flavor-changing couplings is to impose the condition 
of natural flavor conservation — proposed by Glashow, Weinberg and Paschos in 1977 [l| — which stipulates that all 
right-handed fermions with a given electric charge couple to exactly one Higgs doublet. With two Higgs doublets, 
this condition allows for fouiQ different coupling assignments B: the usual Type I [3 and I I [loll two-Higgs-doublet 
models (2HDMs), as well as the less- well- known lepton-specific |lll-[l4j and flipped [Ill - ll3l .IT5l.lf 6l| 2HDMs (for a recent 
review, see Ref. [ljj ) Natural flavor conservation traces the absence of flavor-changing neutral Higgs couplings to the 
discrete symmetries that act on particular right-handed fermions and Higgs doublets in order to enforce the structure 
of the Yukawa Lagrangian. 

An alternative approach to avoiding flavor constraints is to impose minimal flavor violation [20l [2lj . Models with 
minimal flavor violation have the fermion flavor group (five copies of SU(3), for the three generations of each of Ql, 
ur, djf , Ll, and Ir) broken only by the three usual Yukawa coupling matrices]! In a multi-Higgs-doublet model, 
therefore, minimal flavor violation attributes the absence of flavor-changing neutral Higgs couplings to the fundamental 
origin of the Yukawa matrices themselves. The weak-scale Higgs doublets do not carry flavor-distinguishing quantum 
numbers |f] 

Because of the very different light that these two possibilities could shed on the origin of flavor violation, it is 
interesting to consider the prospects for distinguishing them experimentally. The simplest implementation of minimal 
flavor violation in an extended Higgs sector, the so-called Yukawa-aligned 2HDM, was introduced in Ref. (23[. In this 
model, both Higgs doublets couple to all types of fermions; flavor-changing neutral Higgs interactions are avoided 
by requiring that the two Yukawa matrices that couple right-handed fermions of a given electric charge to the two 
Higgs doublets are proportional to each other0 so that they are both diagonal in the fermion mass basis@ The key 
free parameters in the model are the three complex proportionality constants between the three pairs of Yukawa 
matrices. These parameters, comprising three magnitudes and two physically-meaningful phases, generalize the role 
of the usual tan (3 parameter in 2HDMs with natural flavor conservation. As a laboratory for their effects, we focus on 
the couplings of the charged Higgs boson H + of the Yukawa-aligned 2HDM. These couplings, and their experimental 
constraints, have been studied in detail in Ref. [26| . 

In this paper we show that the charged Higgs coupling structure of the Yukawa-aligned 2HDM can be mimicked in 
a three-Higgs-doublet model (3HDM) with natural flavor conservation!]] The study of the structure of charged Higgs 
couplings in a model with more than two Higgs doublets was pioneered by Albright, Smith and Tye in Ref. [28j and 
by Grossman in Ref. [29j . We will adopt the notation of Ref. [29]. In order to obtain three independently- varying 
charged Higgs coupling magnitudes as in the Yukawa- aligned 2HDM, we couple the first of our three Higgs doublets 
to down-type quarks, the second to up-type quarks, and the third to charged leptons — the so-called "democratic" 
3HDM. Charged Higgs couplings in this model, and the resulting constraints and experimental signatures, were 
first studied in Refs. [29|, [3y] . Neutral Higgs couplings in the CP-conserving version of this model were studied in 
Ref. [12]. A supersymmetric version of this model, containing also a fourth Higgs doublet with no couplings to 
fermions, was introduced in Ref. [3l|. We show that the couplings of either of the two charged Higgs bosons in the 
(non-supersymmetric) 3HDM can be made to reproduce the charged Higgs couplings in the Yukawa-aligned 2HDM, 
with two subtle constraints that arise from the unitarity of the charged Higgs mixing matrix: first, that the three 
coupling parameter magnitudes cannot all be enhanced or all be suppressed simultaneously; and second, that the 
second complex phase of the Yukawa- aligned 2HDM is not a free parameter in the democratic 3HDM but instead is 
fixed in terms of the other three magnitudes and one phase. We also show that adding a fourth Higgs doublet, with 
no couplings to fermions, eliminates these constraints by enlarging the charged Higgs mixing matrix. 

The rest of this paper is organized as follows. In Sec.|H]we briefly review the Yukawa- aligned 2HDM. In Sec. IHII we 
lay out the democratic 3HDM and define our notation, following Grossman [2{|. In Sec. II VI we derive our main results, 
which are the constraints on the charged Higgs coupling parameters in the democratic 3HDM. In Sec. [V] we summarize 
the experimental constraints on the charged Higgs coupling parameters from previous literature. In Sec. IVII we derive 



1 We ignore neutrino masses. Two-doublet models for Dirac neutrino masses have been constructed in Refs. and 0,01 with natural 
flavor conservation enforced by a U(l) or Z2 symmetry, respectively. The Z2 model contains a very light scalar and has recently been 
shown to be strongly disfavored by astrophysical constraints [g. A supersymmetric version of the U(l) model was constructed in Ref. M|. 

2 The 2HDM without natural flavor conservation is called the Type III model [lH . For a review of its phenomenology, see Refs. [UGll. 

3 Some definitions of minimal flavor violation also require that the only CP violation in the model come from the phase in the SM CKM 
matrix; we do not impose that restriction. 

4 We consider only color-singlet scalar doublets; MFV Yukawa couplings are also allowed for color octet scalars [22| . 

5 Minimal flavor violation also admits a nonlinear realization [24| , in which couplings involve higher powers or products of Yukawa matrices. 
This leads to nontrivial effects in the third generation due to the large top quark Yukawa coupling. Here we consider only the linear 
Yukawa- aligned implementation. 

6 Steps toward an explicit implementation using family symmetries were taken recently in Ref. l2, r l . 

7 In Ref. [27ll it was recently shown that a constrained version of the Yukawa-aligned structure, with two of the three coupling parameters 
equal to each other and no complex phases, could be achieved in a multi-Higgs-doublet model with natural flavor conservation in which 
only two of the doublets couple to fermions. 
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the couplings of the other charged Higgs in the democratic 3HDM and show that they are predicted entirely in terms 
of measurable couplings of the first charged Higgs. In Sec. lVIII we discuss the consequences of adding a fourth doublet 
with no couplings to fermions, and show that it removes the constraints on the charged Higgs coupling parameters. 
In Sec. IVIlTl we summarize our conclusions and briefly discuss other approaches to detecting the presence of a third 
Higgs doublet using the couplings of the neutral Higgs bosons. The scalar potential and resulting charged scalar mass 
matrix for the democratic 3HDM are given in an appendix. 



II. YUKAWA-ALIGNED TWO-HIGGS-DOUBLET MODEL 

The Yukawa-aligned 2HDM [23| contains two scalar SU(2)l doublets fa, with generically complex vacuum expec- 
tation values (vevs) Vi. Each doublet couples to all types of fermions via the Yukawa Lagrangian, 

£ = - {Qdrifa + r 2( f> 2 )d R + Q L {&xfa + A 2 fa) UR + l L {n x fa + n 2 fa)£ R + h.c.} , (i) 

where Tj, A$, and are 3x3 complex Yukawa matrices and fa = io 2 fa* is the conjugate doublet of fa. Tree-level 
flavor-changing neutral Higgs interactions are eliminated by imposing the linear version of minimal flavor violation 

called Yukawa alignment; i.e., by requiring that Ti oc T 2 , Ai oc A2, and Hi oc 

Rotating to the Higgs basis, in which one doublet Hi carries a nonzero real vev i>sm = \/|^i| 2 + \ v 2\ 2 — 246 GeV 
and the other doublet H 2 has no vev, the Yukawa Lagrangian becomes 

C = -— {QUMaH! + y d H 2 )d R + QUMuH! + y u H 2 )u R + L L {MiHi + y e H 2 )£ R + h.c.} . (2) 

VSM ^ J 

Here M. f are the undiagonalized mass matrices for fermions of type / and yf /vsm are Yukawa matrices coupling 
H 2 to fermions. Yukawa alignment forces yf oc Mj, so that the 3^/ matrices are automatically diagonalized in the 
fermion mass basis. In particular, following Ref. [23j we define 

y f = c f M f . (3) 

The three complex parameters £/ characterize the model and control the charged Higgs couplings. There are five real 
free parameters, the magnutudes of the three Q and two phases — one overall phase can be absorbed by a rephasing 
of H 2 , and is thus not physically meaningful. Using this freedom, we will choose Q to be real. 

In the Higgs basis, the charged Higgs boson lives entirely in H 2 . Its couplings to fermions are thus controlled by 
yf. In the fermion mass basis, the charged Higgs Yukawa Lagrangian is given in terms of the diagonalized fermion 
mass matrices M/, the CKM matrix V, and the parameters Q by0 

Pi 

C = -— [CdU L VM d d R - Qu R M u Vd L + Qv L M t l R ] H+ + h.c. (4) 



III. DEMOCRATIC THREE-HIGGS-DOUBLET MODEL 



The democratic 3HDM employs natural flavor conservation to eliminate tree-level flavor-changing neutral Higgs 
couplings. The model contains three scalar SU(2)/, doublets, denoted §d, $u, and $£, with 

$/= ((«/ + 0°/+^°/)/^)' (5) 

The vevs Vf of the three Higgs doublets can be chosen real through an independent rephasing of each doublet. They 
are constrained by the W boson mass to satisfy v$m = \J v\ + v\ + vf ~ 246 GeV. 

In order to enforce natural flavor conservation, we introduce three Z 2 symmetries, under which the charges of the 
Higgs doublets and SM fermions are given in Table |U This choice forces $d to couple only to d R , $ u to u R , and 



Here the minus sign in front of f u comes from the extra minus sign on the charged scalar in the conjugate doublet H2- We define the 
neutrinos in the flavor eigenbasis. 



4 



Field Zj Z% Zj 

$d - + + 

d R - + + 

$ u + - + 

UR + - + 

+ + - 

£r + + - 

Ql, L L + + + 



TABLE I. Charges of the three Higgs doublets and SM fermions under the three Z2 symmetries imposed to enforce natural 
flavor conservation in the democratic 3HDM. 



to £ R . The Yukawa Lagrangian takes the form, 

C = - [Q L ®dGdd R + Ql&uGuUr + L L ^ £ g £ £ R + h.c.} . (6) 

Here Qf are 3x3 complex Yukawa matrices related to the fermion mass matrices by Mf = QfVf/\/2. In the fermion 
mass basis, then, the Yukawa couplings are determined in terms of the corresponding fermion mass and the relevant 
vev Vf. As in the usual 2HDMs with natural flavor conservation, we will assume that the Z 2 symmetries are softly 
broken (by dimension-two terms) in the Higgs potential; details of the potential are given in the appendix. 

The final ingredient needed to determine the charged Higgs couplings is to specify the charged Higgs mass eigen- 
states. The three charged fields <j>j, <f>+, and §\ mix to form one charged Goldstone boson G + and two physical 
charged Higgs states, which we denote and H§ following Grossman [29| . via a unitary mixing matrix [70 

( G+ \ 

\H+ = U <p+ . (7) 

All the information needed to determine the charged Higgs couplings is encoded in U. First, the first row of U is fixed 
by the composition of the Goldstone bosonF"! 

G + = (v d (f>+ + v u cj)+ + v ( (j>+) /v SM , (8) 

so that Uif — Vf/vsM, f = d, u,£. We have already used the phase freedom of $/ to choose Vf, and hence all three 
Uif, to be real. 

The couplings of the charged Higgs state Hf~ are controlled by the relevant Yukawa coupling Q f and the overlap 
of the charged Higgs state with the relevant $/. They can thus be written using Eqs. (JSJ) and (JTJ) in terms of the 
fermion mass and elements of U. Again following Grossman (29|, we define parameters Xi, Yi, and Zi as follows 

r/t rrt rrt 

di y _ ui y li /q\ 

Al ~ ' ll ~ rrt ' * ~ rrt ' ^ J 

u di u ui u ei 

with i = 2, 3 corresponding to charged Higgs states H^. With this notation the charged Higgs couplings become, 

/2 

C = - — {[X 2 u L VM d d R + Y 2 u R M u Vd L + Z 2 v l M(,£r\ H+ 

+ [X 3 u L VM d d R + Y 3 u R M u Vd L + Z 3 D L M e £ R ] H+ + h.c. } . (10) 

Let us first assume that is relatively light while is much heavier. Then we can consider the couplings 
of H2 in isolation. Comparing the couplings of in Eq. (fT0|) to Eq. Q for the charged Higgs couplings in the 
Yukawa- aligned 2HDM, we see that we can identify 

X 2 = Cd, Y 2 = -Cu, Z 2 = Cz- (11) 



Complex phases in U arise from CP-violating phases in the Higgs potential. 

10 The charged Goldstone boson is uniquely determined as the linear combination of the fields </>^ that participates in the (unphysical) 

Wu d^G + interaction coming from the scalar gauge-kinetic terms. In any extended Higgs sector, the composition of G+ therefore 
depends only on the vevs of the Higgs fields and the appropriate gauge generators. 

11 The minus sign in the definition of Yj is included to simplify the Lagrangian in Eq. d 1 1) by taking into account the extra minus sign on 
the charged scalar in the conjugate doublet 3> u . 



5 



Once again, X 2l Y 2 , and Z 2 are three different complex parameters, one of which can be chosen real by rephasing 
H 2 (we choose Z 2 to be real). It would appear that the phenomenology of H 2 in the democratic 3HDM is exactly 
the same as that of the charged Higgs in the Yukawa-aligned 2HDM! But do the parameters X 2 , Y 2 , and Z2 have the 
same freedom as the C/ m the Yukawa- aligned 2HDM? The answer is no, as can be seen immediately by recalling 
that, after absorbing five phases into the definitions of <p~^ and , the 3x3 unitary matrix U depends on only four 
real parameters (three angles and a phase). Starting from the basis in which the vevs Vf are all real, we can define 



tan/3 = Vu/vd, tan7 = ■\Jv% + v^/ve. 



(12) 



Then the matrix U can be written explicitly as 
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(13) 



Here s, c denote the sine or cosine of the respective angle, is an angle describing mixing between H 2 and H% , and 
S is the CP-violating phase. From right to left in the first line, the first two matrices fix the Goldstone boson G + , 
while the third accomplishes the diagonalization of the (generally complex) mass matrix for the two physical charged 
Higgs bosons. The matrix on the far left contains the phase rotation of H 2 that makes Z 2 real. We have also chosen 
the phase of to make Z3 real. 

Thus the second free phase of the Yukawa-aligned 2HDM will be fixed in terms of the other four real parameters 
in the democratic 3HDM. The explicit form of this constraint, together with another less-obvious constraint on the 
magnitudes of X 2 , Y%, and Z 2 , are most easily seen by taking advantage of the unitarity of the matrix U . 



IV. UNITARITY CONSTRAINTS ON THE CHARGED HIGGS COUPLINGS 



Unitarity of the charged Higgs mixing matrix requires that 

X ' " ' .O ! V ( 14 ) 
/ 

Setting i — j — 1, we recover the sum rule for the vevs of the three doublets: 

\u ld \ 2 + p lu \ 2 + \u ie \ 2 =-4-+4-+4-=i- 

V SM V SM V SM 

Setting i = j = 2 and using the definitions of X 2 , Y 2 , and Z 2 from Eq. we obtain a nontrivial constraint on the 
magnitudes of X 2 , Y 2 , and Z 2 : 

\X 2 \ 2 \U ld \ 2 + \Y2\ 2 \U lu \ 2 + \Z 2 \ 2 \U U \ 2 = 1. (16) 

For a given choice of vevs, Eq. (ITB")) defines a plane in the three-dimensional positive-definite parameter space of |^2| 2 , 
\Y 2 \ 2 , \Z 2 \ 2 , passing through the point (1,1,1), and intersecting the \X 2 \ 2 axis at |t/id|~ 2 , the \Y 2 \ 2 axis at |f/i«| -2 , 
and the \Z 2 \ 2 axis at \Uu \~ 2 (all three of these intersection point values are greater than 1). This yields an interesting 
constraint on the parameters X 2l Y 2 , and Z 2 : 

The magnitudes of the coupling strengths X 2 , Y 2 , and Z 2 may not all be simultaneously less than one or 
simultaneously greater than one. 



A similar parameterization was given in Ref. [2^1 . 
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We now derive the relationship that fixes the phase of Y 2 in terms of the other four parameters. Setting i — 1 and 
j = 2 in Eq. (TT4"]) and using the definitions of X 2 , Y 2 , and Z 2 from Eq. ([3]), we obtain, 

X 2 \U ld \ 2 - Y 2 \U lu \ 2 + Z 2 \U U \ 2 = 0. (17) 

Because X 2 and Y 2 are complex, this represents two constraints: the real part and the imaginary part of the left-hand 
side must be separately equal to zero. Together, Eqs. (fT5|) . (|16p . and (IT71) constitute four constraints on eight real 
parameters (Uid, U% u , Uu 7 \X 2 \, \Y 2 \, Z 2 , and the phases of X 2 and Y 2 ), leaving four independent real free parameters 
(the usual three angles and a phase). 
We begin by solving for the normalized vevs |J7i/| 2 = Wj/«g M . Trivially from Eq. (|15|) we have, 

«?/«§m = \Uu\ 2 = 1 - \Ui d \ 2 - \U lu \ 2 . (18) 
Using this, we can solve both Eqs. (fT6"| and (fTTj) for |C/i„| 2 : 

,,2 2 _ 1-|Z 2 | 2 -|^| 2 (|X 2 | 2 -|Z 2 | 2 ) 

«s/tiM = ic/ 1u i 2 = Z2+lu £ 2 + { %~ Z2) - (20) 

Equating the right-hand sides of Eqs. (|19p and (|2"0)) presents a solution for | t/i rf | 2 - However, it does more than 
that. The right-hand side of Eq. (f20| is complex, which means we have two real equations to solve and hence two 
independent solutions for 1 1/ | 2 which must be simultaneously true. These solutions are, 

2,2 =lu , 2 = ReY 2 (l-\Z 2 \ 2 ) + Z 2 (l-\Y 2 \ 2 ) 

d/ SM 1 ReX 2 (|r 2 |2-|Z 2 | 2 )+Rer 2 (|X 2 |2-|Z 2 |2) + Z 2 (|X 2 |2-|r 2 |2)' ^ ) 

2 /?) 2 _ lTI , 2 _ Imr 2 (l-|Z 2 | 2 ) 

d/ sM_l ~imx 2 (|y 2 |2-|z 2 p) + i m r 2 (|x 2 p-|z 2 |2)' V 2 > 

where we have used the fact that Z 2 is chosen real to simplify the expressions. Setting the right-hand sides of Eqs. (|2T|) 
and (|22p equal, one can solve, e.g., for ImF 2 in terms of the other four real parameters. 

V. EXPERIMENTAL CONSTRAINTS 

We now briefly summarize the experimental constraints on the couplings of H 2 from existing studies. Aside from 
the charged Higgs direct-search constraints, these arise from virtual exchange of the charged Higgs at tree or one- 
loop level. Obtaining constraints on A 2 , Y 2l and Z 2 requires the assumption that exchange does not contribute 
significantly to these processes; we thus continue to assume that is much heavier than H 2 . Determination of 
the combined constraints when the H 2 and masses are comparable would require a dedicated analysis, which is 
beyond the scope of this paper. 

The experimental constraints on the charged Higgs couplings in the Yukawa-aligned 2HDM were comprehensively 
studied in Ref. (26[. Because of the correspondence between the Yukawa- aligned model and the democratic 3HDM, 
these constraints apply equally well to the latter (in the limit that effects due to can be neglected) . All constraints 
quoted are 95% confidence level exclusions. 

The strongest constraint is on \ Y 2 \ and comes from the LEP measurement of i?t> (the bb fraction in hadronic Z boson 
decays) : assuming that |A 2 | < 50 so that contributions involving the bottom Yukawa coupling are not important, 
Ref. [ll finds, 

W < 0.72 + 0.24 {jw^v). (23) 

We note that if M H + ~ 100 GeV, |Y 2 | must be less than one. The unitarity constraint on the magnitudes of the 
couplings in the democratic 3HDM then dictates that at least one of X 2 , Z 2 must be greater than one. 
Lepton flavor universality in r decays to /i versus e provides the strongest constraint on Z 2 ; Ref. [26] finds 

/ m h+ \ 

Z 2 < 40 ^— . (24) 

2 " 100 GeV i V ' 
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Constraints on products of couplings come from leptonic decays of heavy mesons. B — > tv yields an allowed annulus 
in the complex plane of X 2 Z 2 , with an absolute upper bound of [26j 

\X 2 Z 2 \ < 1080 |^Yo(KkV J ■ (25) 

Combining the constraints on |3^| and Z 2 in Eqs. (|2"51 and together with the LEP lower bound of about 

79.3 GeV 32| on the charged Higgs mas a 13 !. yields a constraint on the product \Y 2 Z 2 \ which is much stronger than 



the scmilcptonic meson decay constraints [2f 

The radiative decay B —¥ X s j receives charged-Higgs contributions with terms in the amplitude proportional to 
\Y 2 \ 2 and to X 2 Y 2 . Detailed combined constraints on \Y 2 \ 2 and the real and imaginary parts of X 2 Y 2 are presented in 
Ref. [26|. If |^2 1 is not too big, as favored by the constraint from Rb, the la constraint on the real part of X 2 Y 2 * was 
also given in a convenient form in Ref. [34[ neglecting contributions from lm(X 2 Y 2 ). The constraint from Ref. (34J 
translates into the following approximate 2a bounds: 

- 1.1 < Re(X 2 y 2 *) < 0.7 for M H + = 100 GeV, 

-4.0 < Re{X 2 Y 2 *) < 2.6 for M H+ = 500 GeV. (26) 



Finally, Trott and Wise [34| 14 l have considered the constraint on the CP-violating part of the charged Higgs couplings 
arising from the neutron electric dipole moment, using Naive Dimensional Analysis. They obtain an upper bound of 

|Im(V 2 K,*)| < 0.1 (0.4) for M H + = 100 (500) GeV. (27) 

While this is only an order-of-magnitude upper bound due to the use of the Naive Dimensional Analysis approximation, 
at face value it is somewhat stronger than the constraint on Re(X 2 Y 2 *) . 



VI. COUPLINGS OF THE OTHER CHARGED HIGGS BOSON 

We now turn to the couplings of . Starting from the three relations obtained from Si^/i^i/' = ^ff with 
/ ^ /', we can solve for the coupling factors X3, Y3, and Z3 in terms of X 2 , Y 2 , and Z 2 . We use the phase 
freedom of H$ to choose Z3 to be real. 

The magnitude and phase of X3 are obtained from 



The magnitude and phase of I3 are obtained from 



« = ™>(fe^|' M'-e-^'pr^sr (29) 

The real parameter Z 3 is obtained from 

z 3 2 = (i-y;z 2) y^g . (so) 

Note that the expressions for | 1 2 , IV3I 2 , and Z\ are written in terms of the complex couplings X 2 and Y 2 , yet in 
each case they yield the value of a real parameter. The imaginary parts of the right-hand sides of these expressions 
must thus be zero, providing an alternate form of the constraint among the five real parameters in X 2 , Y 2 , and Z 2 . 
Convenient expressions for the vevs can also be obtained from the unitarity relation JV J/Li/jj = 1: 

«3 
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,,2 = "SM = ^SM (0-1 \ 

1 l + \Z 2 \ 2 + \Z 3 \ 2 l + \Z 2 \2 + [{l-Y 2 *Z 2 )(-l-X 2 Z 2 )/(l-X 2 Y 2 *)Y [ ' 



This charged Higgs mass bound assumes that the charged Higgs decays only to a combination of cs, cb, and tv. The strongest overall 
bound comes from ALEPH |3'J . In the case that the branching fraction to tv is close to 1, a stronger bound of 92.0 GeV comes from 

OPAL m. 

The charged Higgs coupling parameters in Ref. |34| are related to ours according to r\jj = — Y2, T)d = — A|. 
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where in the second expression for each vev we made use of Eqs. (|28f) . (l29l) . and (|30l) . 

VII. ADDING A FOURTH HIGGS DOUBLET 

We have seen that the democratic 3HDM reproduces the charged Higgs coupling freedom of the Yukawa-aligned 
2HDM but with two significant constraints: first, that the magnitudes of the coupling parameters cannot all be greater 
than one or all be less than one; and second, that the phase of the second complex coupling parameter is fixed in 
terms of the magnitudes of the three parameters and the phase of the first. These constraints arise from the unitarity 
of the 3x3 charged Higgs mixing matrix; the second one in particular comes from the fact that the 3x3 mixing 
matrix is parameterized in terms of three angles and only one phase. 

We now show that both these constraints are removed if we extend the Higgs sector by adding a fourth Higgs 
doublet $0j carrying a vev vq, and with no couplings to fermions in accordance with natural flavor conservation. 

In the presence of a fourth doublet, the 3x3 charged Higgs mixing matrix U of the democratic 3HDM becomes a 
4x4 matrix, which we denote U : 









Hi 


= u 


0+ 


Hi 




\ H i J 







(32) 



The unitarity constraint on the first row of U yields the usual sum rule for the vevs: 

\Uia\ 2 + \Um\ 2 + \U U \ 2 + \Uio\ 2 = 4- + 4^ + 4~ + 4- = 1 - (33) 

V SM V SM V SM V SM 

The unitarity constraint on the second row of U yields, 

\X 2 \ 2 \U ld \ 2 + \Y 2 \ 2 \U lu \ 2 + \Z 2 \ 2 \U U \ 2 + \U 20 \ 2 = 1, (34) 

where X 2 , Y 2 , and Z 2 are defined as in Eq. {9j with U replaced by U. For a given choice of vevs, this expression con- 
strains \X 2 \ 2 , \Y 2 \ 2 , and \Z 2 \ 2 to lie in a volume in the three-dimensional positive-definite parameter space, extending 
from the origin (for 1 1 2 = 1) up to the plane obtained by setting 1 1/20 1 2 = 0; this plane passes through the point 
(a, a, a) with a = (1 — Wo/ w sm) _1 — 1- Increasing vo from zero to vsm moves this intersection point from (1, 1, 1) out 
to infinity. Therefore there is no theoretical constraint on the magnitudes of X 2 , Y 2 , and Z 2 in the democratic model 
with four doublets. 

We now consider the complex phases. After using the rephasing freedom of (f>^ and Hf , the 4x4 unitary matrix 
is parameterized by six angles and three phases; in particular, there are enough free phase parameters for the phases 
of X 2 and Y 2 to be independent free parameters. We can check this through an explicit parame terization of U. 
Choosing the basis for c/)^ in which the vevs are real and defining tan/3 = V u /vd, tan 7 = \J v 2 d + v^/ve, and tanw = 

y/ v d + v u + v e/ v o, we have[[3 
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(35) 



where Sj, Cj with i = 1,2,3 denote the sine and cosine of angles #1,2.3, and #1,2,3 are three complex phases. Here the 
last three matrices determine the charged Goldstone boson while the first three accomplish the diagonalization of the 



We have not yet applied the phase rotation to J/j needed to make Z2 real. 
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remaining three physical charged Higgs mass eigenstates. Evaluating Eq. (|35|) . we obtain the elements of U that enter 
X 2 , Y 2 , and Z 2 (we have not yet applied the phase rotation to needed to make U21 real): 

U 2 d = -cic 2 Sf3 ~ (sic 2 e t5l c 7 + s 2 e lS2 c u s 1 )cp, 
U 2u = cic 2 cp - (sic 2 e l,5l c 7 + s^^c^s^sp, 

U 2 e — sic 2 e t5l s 7 — s 2 e %52 c^c-f . (36) 

In particular, the parameter freedom is such that it is not possible to solve for one of the five real coupling degrees of 
freedom in terms of the other four. 

Thus we see that the four-Higgs-doublet extension of the democratic 3HDM fully reproduces the charged Higgs 
coupling parameters of the Yukawa- aligned 2HDM without any theoretical constraints. 



VIII. DISCUSSION AND CONCLUSIONS 



In this paper we studied the charged Higgs sector of the democratic 3HDM, in which one doublet couples to down- 
type quarks, one to up-type quarks, and one to charged leptons. This model, in which flavor-changing neutral Higgs 
couplings are avoided by the imposition of natural flavor conservation, very nearly reproduces the Yukawa coupling 
structure of the charged Higgs in the Yukawa- aligned 2HDM, in which flavor-changing neutral Higgs couplings are 
avoided through a linear realization of minimal flavor violation (called Yukawa alignment). We implemented a general 
parameterization of the couplings of the two physical charged Higgs bosons to fermions, and showed that the couplings 
of the lighter charged Higgs can be written in terms of two complex and one real parameters X 2 , Y 2 , and Z 2 . 
Unitarity constraints on the mixing matrix for the charged Higgs bosons require that one of these five real parameters 
(three magnitudes and two phases) is fixed in terms of the other four. Unitarity also requires that the magnitudes 
of X 2 , Y 2 , and Z 2 are not all greater than one or all less than one. These two subtle constraints distinguish the 
couplings of H2 in the democratic 3HDM from those in the Yukawa-aligned 2HDM, in which the three magnitudes 
and two phases of X 2 , Y 2 , and Z 2 are all theoretically unconstrained. Adding a fourth Higgs doublet with no couplings 
to fermions removes these two constraints, reproducing the full coupling parameter freedom of the Yukawa-aligned 
2HDM. 

How else can we experimentally distinguish between the models? Clearly, discovery of a second physical charged 
Higgs boson , or of neutral Higgs bosons beyond the three predicted in a 2HDM, rules out the minimal Yukawa- 
aligned 2HDM. A more subtle test involves the couplings of the neutral Higgs bosons. The Yukawa- aligned 2HDM 
contains three neutral Higgs states, 2 3, which are admixtures of the two CP-even and one physical CP-odd states 
of the two Higgs doublets [231 ■ The couplings of these three neutral Higgs bosons to fermions are fixed in terms of the 
SM Yukawa matrices, the same three coupling parameters X 2 , Y 2 , and Z 2 that appear in the charged Higgs sector, 
and the unitary matrix that diagonalizes the mass-squared matrix for 2 3- 

A model with three or more Higgs doublets contains not only additional charged Higgs states, but two additional 
neutral Higgs degrees of freedom per doublet. Consider a rotation of the doublets to the "charged- Higgs basis" : 



//j ' («sm + l£ + i&)/y/2 ) ' H2 ~ ( {J?/ +% i )/V2 ) ' H3 - ( (4' r +%1/V2 J ' ' ' ' (37) 



If the first three discovered neutral Higgs states Si 2 3 are mixtures of only (j)° 1 ' r , (j> 2 ,r , and , then their couplings 
to fermions will depend on the same set of parameters as the charged Higgs couplings, just as in the Yukawa-aligned 
2HDM. However, if 3 contain admixtures of the neutral Higgs states from H3 (and/or other additional doublets), 
their couplings to fermions will depend on new additional parameters — in particular, the coupling factors A3, Y" 3 , and 
Z 3 of the charged Higgs state . (In the special case of three doublets, A 3 , Y 3 , and Z 3 are constrained directly by 
the couplings X 2 , Y 2 , and Z 2 as shown in Sec. IVII ) 

Furthermore, the SU(2) l gauge couplings of 2 3 to W + W~ and to W+H^ obey sum rules. Writing the Feynman 
rules with all particles incoming as igs°w-w+9nv and i9s a H~w+^P s ~ Ph)^, where ps and pn are the incoming 
momenta of and H 2 ■, respectively, we have for the states in the charged-Higgs basis: 

9 < f > °- r w-w+ = 9M W , 9 c j>° 2 - r w-w+ = ' 9^w-w+=°> 

9^h-w+= q ^ 9^ H -w+ = -3/2, g^i H - w+ =-ig/2. (38) 
If 5J23 are mixtures of only <^j ) ' r , <j^ r , and <fi 2 '' ', we obtain two sum rules for the squared magnitudes of these couplings: 

J2\9s°w+w-\ 2 ^9 2 M^, J2\9so H -w+\ 2 =5 2 /2- (39) 
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However, if 2 3 contain admixtures of the neutral Higgs states from iJ 3 (and/or other additional doublets), one or 
both of the sum rules in Eq. (|39|) will not be saturated, indicating that S® 2 3 do not together capture all of the states 



and 



,0,r 

We have thus seen that distinguishing fundamental Yukawa alignment from Higgs-sector-based natural flavor con- 
servation can be very challenging. It will require a detailed study of charged Higgs couplings as well as a thorough 
exploration of the weak scale for additional Higgs doublets. 
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Appendix A: Scalar potential of the democratic three-Higgs-doublet model 

The most general SU(2)£xU(l)y-invariant potential for three Higgs doublets, subject to the Z 2 symmetries in 
Table HI can be written as 

V = + m 2 dd ^ d + m 2 u $l<P e - [m 2 ud $l $ d + m 2 ul & u $ £ + m^$^ + h.c 

+ l -\ u ^ u ) 2 + \\ d {^ d f + \M{$l*i? 



+- 



(Al) 



where we have retained the terms proportional to m^, fn\ii and rr? dt that break the Z 2 symmetries softlvF^I This 
potential contains six complex parameters: the soft- .^-breaking mass-squared terms vp? ud , m^, and iri de , and the 
quartic couplings A" d , A" £ , and \ de . 

This potential is invariant under a common global phase rotation of and (as required by U(l)y- 

invariance); we can use this to choose vt real and positive without any loss of generality. Performing a phase rotation 
on $„ and <&d to make v u and Vd real and positive imposes two relations among the imaginary parts of the complex 
parameters of the potential: 



I'd 



vi 2vi I 



lm ( m de) = — M™D 

vi 



v 2 u v d 



VdVl 



2v t y ua ' 2 

Minimizing the potential allows three more parameters to be eliminated in favor of the vevs: 

„,2 



(A2) 



4 = ^Re(mL) + ^Re(m^) - f A„ f 



d [And + K d + MKd)] - f + ^ + R*(<C)1 , 



= -Re(mL) + -Re(m^) - ^A d - £ [A ud + A^ + Re(A^ d )] - £ [A* + A' d , + Re(A' 



Urf v d 

m 2 u = ^Re(m^) + ^Re(m^) - f A, - ^ [A„, + A^ + Re(A^)] - f [A d£ + A d£ + Re(A^)] . 
Applying these conditions we find the terms in the potential that are bilinear in the charged scalar fields: 



(A3) 



V D 



Vd V£ 
— A u d H A^ 

V u V u 



+ 



,J u Vd 



- A lt 



iB] 



Vv 
. v d 



-A*,. 



'Hi 

>'d 



A 



dt 



.v d 
i — B 



,J d vi 



Vu A + Vd A 
— A u l H Adi 

VI VI 
V,, 



-A d i - i—B 

Vi 



h.c. 



(A4) 



16 We note that omitting these soft-Z2-breaking terms does not change our conclusions about the complex structure of the charged Higgs 
mixing matrix; we will keep them here for generality and because they allow the model to have a decoupling limit in which the extra 
Higgs states are taken heavy without requiring large quartic couplings. 
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where 



^ud 


= Rcfm 2 .1 

1 ™ : \'"'ud) 


A u i 




A d e 




B 


= M^D 



VuVd 

2 



2 

V u Vd 



Kd + MKd)}, 
MO- 



(A5) 



We diagonalize the resulting charged Higgs mass-squared matrix M. 2 in two stages by dividing the charged Higgs 
mixing matrix in Eq. according to {/ = U 2 Ui, with [see also Eq. (IT3|) ] 



S/y C>-y 

1 

" C<-y S/y 



( C/3 S/3 ^ 
-S,g Cg 

V V 



















( 












The rotation U\ isolates the charged Goldstone boson, yielding 

/ 



M 2 ' = U!M 2 ul = 




'2 

2* A/(2 



^23 



V MH X33 




(A6) 



(A7) 



where 



M 2 22 = 



Vld -A ud + ^A n 



V u Vd 



VdVud 



V d V i 
V u V u d 



A u i 



M 2 33 = 



2 2 

v d v SM a 1 """SM 4 
A-di H —Au 



v e v td 

V U VSM 



A 



VdVSM 



VSM 



V 



(If 



v 



Aui + i B, 

vt 



(A8) 



and v u d = \/v 2 + v 2 ,. Note that the (23) and (32) elements of this matrix are complex. 

Finally we determine the mixing angle 8 and the phase S by requiring that the rotation U 2 diagonalize the matrix 
in Eq. (|A7|) . The phase is given by 



5 = phase(A^2 3 ), 

with < 5 < 2ir. Choosing H 2 to be lighter than H 3 yields the mass eigenstates, 



(A9) 



Ml + 



H 2 ,H 3 



M\ 2 + M 2 3 T \J(M 2 22 - M 2 33 ) 2 + A\M 2 23 \ 2 



(A10) 



and the mixing angle 8, 

sin 28 
wit h -tt/2 < 8 < 0. 



-2|MI 3 | 



^(M 2 22 ~M 2 33 ) 2 +A\M 2 23 \ 21 



cos 26» = 



-M 2 22 +M 2 



33 



^{M 2 22 ~M 2 33 ) 2 +A\M 



2 12 

23 I 



(All) 
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